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Abstract 

In (equi-)affine differential geometry, the most important algebraic 
invariants are the affine (Blaschke) metric h, the affine shape operator 
S and the difference tensor K. A hypersm'face is said to admit a point- 
wise symmetry if at every point there exists a linear transformation 
preserving the affine metric, the affine shape operator and the differ- 
ence tensor K. In this paper, we consider the 3-dimensional positive 
definite hypersurfaces for which at each point the group of symmetries 
is isomorphic to either Z3 or SO (2). We classify such hypersurfaces 
and show how they can be constructed starting from 2-dimensional 
positive definite affine spheres. 
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1 Introduction 

In this paper we study nondegenerate (equi-)affine hypersurfaces F: M" — ^ 
]^n+i_ that case, it is well known that there exists a canonical choice of 
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transversal vector field ^ called the affine (Blaschke) normal, which induces 
a connection V, a symmetric bilinear form h and a 1-1 tensor field S by 



DxY = VxY + h{X,Y)i, 
Dxi = -SX, 



(1) 
(2) 



for all X, y G X{M). The connection V is called the induced affine connec- 
tion, h is called the affine metric (or Blaschke metric) and S is called the 
affine shape operator. In general V is not the Levi Civita connection V of 
h. The difference tensor K is defined as 



for all X,Y E X{M). Moreover the form h{K{X, Y), Z) is a symmetric cu- 
bic form with the property that for any fixed X G X{M), trace Kx vanishes. 
This last property is called the apolarity condition. The difference tensor 
K, together with the affine metric h and the affine shape operator are the 
most fundamental algebraic invariants for a nondegenerate affine hypersur- 
face (more details in Sec. 12. 1|) . We say that M is positive definite if the affine 
metric h is positive definite. For the basic theory of nondegenerate affine 
hypersurfaces we refer to |6.^ and P|. 

A hypersurface is said to admit a pointwise symmetry if at every point 
there exists a linear transformation preserving the affine metric, the affine 
shape operator and the difference tensor K. The study of submanifolds 
which admit pointwise isometrics was initiated by Bryant in |T] where he 
studied 3-dimensional Lagrangian submanifolds of C^. Following essentially 
the same approach, a classification of 3-dimensional affine hyperspheres ad- 
mitting pointwise isometrics was obtained in [TT] . 

In P , for 3-dimensional positive definite hypersurfaces, the possible groups 
which can act on the algebraic invariants as well as the canonical forms for 
5*, K and h were computed. In this paper, we consider the 3-dimensional 
positive definite hypersurfaces for which at each point the group of symme- 
tries is isomorphic to either Z3 or the group of rotations 150(2). The paper is 
organized as follows. First in Section 2, we shortly recall the basic equations 
of Gauss, Codazzi and Ricci for an affine hypersurface and use those equa- 
tions, together with the canonical form of h, S and K, to obtain information 
about the coefficients of the connection. In particular, it follows that such a 
hypersurface M admits a warped product structure. In Section 3, we classify 
such hypersurfaces by showing how they can be constructed starting from 2- 
dimensional positive definite affine spheres. This classification can be seen as 
a generalisation of the well known Calabi product of hyperbolic affine spheres 
and of the constructions for affine spheres considered in [,4, • Note that affine 



K{X,Y) = VxY-VxY, 



(3) 
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hyperspheres, i.e. affine hypersurfaces for which all affine normals are par- 
allel or pass through a fixed point, are without any doubt the most studied 
class of affine hypersurfaces. They are closely related to solutions of Monge 
Ampere equations. The following natural question for a (de) composition 
theorem, related to the Calabi product and its generalisations in (4j, gives 
another motivation for studying 3-dimensional hypersurfaces admitting a Z3- 
symmetry or an S'0(2)-symmetry: 

Question. Let Af" be a nondegenerate affine hypersurface in R"+^. Under 
what conditions do there exist affine hyperpsheres M[ in W~^^ and M| in 
M^'+S with r + s = n - 1, such that M = I x Mi x M2, where / C M 
and fi and f2 depend only on I (i.e. M admits a warped product structure ) ? 
How can the original immersion he recovered starting from the immersion of 
the affine spheres? 

Of course the first dimension in which the above problem can be con- 
sidered is three and our study of 3-dimensional affine hypersurfaces with 
Zs-symmetry or S'0(2)-symmetry provides an answer in that case. 



2 Structure equations and integrability con- 
ditions 

2.1 Preliminaries 

We consider 3-dimensional affine hypersurfaces F: — ^ M^. Assume that 
has at every point a Zs-symmetry or an S'0(2)-symmetry. Then we 
recall from [5] the following: At every point p of there exists a basis 
{61,62,63} which is orthonormal with respect to the affine metric h such 
that the difference tensor K and the shape operator S are respectively given 
by: 



= -^1 , K,, 




/^ea = I -/i2 I , 5 




(4) 



We have that /ii is nonzero. Moreover, ^2 vanishes if and only if admits 
a 1-parameter group 5*0(2) of isometries. In that case the form of K and 
S remains invariant under rotations in the 6263-plane. In case that ^2 is 
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different from zero, tlie group Z3 of rotations leaving K and 5* invariant is 
generated by tlie rotation witli angle ^ in tfie e2e3-plane. 

We recall some of the fundamental equations, which a nondegenerate 
hypersurface has to satisfy, see also |H] or p. These equations relate S and 
K with amongst others the curvature tensor R of the induced connection 

V and the curvature tensor R of the Levi Civita connection V of the affine 
metric h. We respectively have the Gauss equation for V, which states that: 

R{X,Y)Z = h{Y,Z)SX -h{X,Z)SY, (5) 
and the Codazzi equation 

iVxS)Y = (Vy5')X (6) 

The fundamental existence and uniqueness theorem, see j2] or jHj, states that 
given h, V and S such that the difference tensor is symmetric and traceless 
with respect to h, on a simply connected manifold M an affine immersion of 
M exists if and only if the above Gauss equation and Codazzi equation are 
satisfied. From these the Codazzi equation for K and the Gauss equation for 

V follow. 

{VxK){Y,Z)-{VyK){X,Z) 

and 

R{X,Y)Z =l{h{Y,Z)SX- 
+ h{SY, Z)X 

2.2 An adapted frame 

From now on, we assume that admits a Zs-symmetry or an 5*0 (2)- 
symmetry. The first meaning that at every point of the group of isome- 
tries preserving S and K is isomorphic to Z3, whereas in the second case, we 
assume that that group of isometries is at every point isomorphic to S0{2). 
We define the Ricci tensor of the connection V by: 

mc{X, Y) = trace{Z ^^ R{Z, X)Y}. 

It is well known that Ric is a symmetric operator. Then, we have 
Lemma 1. Let p G M and {61,62,63} the basis constructed earlier. Then 

Ric(ei, 61) = (a + A) + Gfif, Ric(6i, 62) = 0, 

Ric(e3, 61) = 0, Ric(62, 62) = |a + + 2{jj,l + jjl), 

Ric(e2, 63) = 0, Rrc(63, 63) = fa + |A + 2(/i^ + fil). 



=\{h{Y,Z)SX -h{X, Z)SY 
- h{SY, Z)X + h{SX, Z)Y), 



- h{X, Z)SY 

-hiSX, Z)Y)-[Kx,Ky]Z 
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Proof. We use the Gauss equation (jH)) for R. It follows that 

R{e2, ei)ei = |(a + A)e2 - Ke2(2y[xiei) + Ke^{-^ie2) 

= (|(a + A) + 3^?)e2, 
^(ea, ei)ei = |(a + A)e3 - Ke3(2/Uiei) + ire,(-/iie3) 

R{e3, ei)e2 = -Ke^{-^.ie2) + ^£^(-^263) = 0. 
From this it immediately follows that 

Ric(ei, ei) = (a + A) + 

and 

Ric(ei, 62) = 0. 

The other equations follow by similar computations. □ 

Now, we want to show that the basis we have constructed at each point p 
can be extended differentiably to a neighborhood of the point p such that at 
every point the components of S and K with respect to the frame {ei, 62, 63} 
have the previously described form. 

Lemma 2. Let he an affine hypersurface o/M^ which admits a pointwise 
'L'i- symmetry or a pointwise SO {2) -symmetry. Let p G M. Then there exists 
a frame {61,62,63} defined in a neighborhood of the point p such that the 
components of K and S are respectively given by: 



Proof. First we want to show that at every point the vector 61 is uniquely 
defined and differentiable. We introduce a symmetric operator A by: 

mc{Y,Z) = h{AY,Z). 

Clearly A is a differentiable operator on M. On the set of points where 
— \{a — A) + 4yU^ — 2/i2 7^ 0, the operator has two distinct eigenvalues. The 
eigendirection which corresponds with the 1-dimensional eigenvalue corre- 
sponds with the vector field ei. 
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On the set of points where — ^(a — A) + — 2fi2 = 0, we have that 
a 7^ A (cp. P), as otherwise we would have an v44-symmetry. In this case, 
the differentiable operator S has two distinct eigenvalues (cp. (jl))) and ei is 
uniquely determined as the eigendirection corresponding to the 1-dimensional 
eigenvalue. This shows that taking at every point p the vector ei yields a 
differentiable vector field. 

To show that 62 and 63 can be extended differentiably, we consider two 
cases. First we assume that M admits a pointwise S'0(2)-symmetry. In that 
case we have that /i2 = and we take for 62 and 63 arbitrary orthonormal 
differentiable local vector fields which are orthogonal to the vector field ei. 
In case that M admits a pointwise Z3-symmetry we proceed as follows. We 
start by taking arbitrary orthonormal differentiable local vector fields U2 and 
ii3 which are orthogonal to the vector field Ci. It is then straightforward to 
check that we can write 

Ku2U2 = -fJ'iei + P1U2 + h'2U'i 

KU2U3 = ^2U2 - ^lU-i 

Ku^Us = -/iiCi - U1U2 - l'2Uz 

for some differentiable functions vi and P2 with 1^1 + z^l 7^ 0. Therefore, if 
necessary by interchanging the role of U2 and M3, we may assume that in a 
neighborhood of the point p, ui 7^ 0. Rotating now over an angle 6*, thus 
defining 

62 = cos Ou2 + sin Ou'i, 

63 = — sin 6u2 + cos 6'%, 

we get that 

h{K{e2,e2),e2) = (cos^ 61 - 3 cos6' sin^ 6')//i + (- sin^ 61 + 3 cos^ 6' sin 6')z/2 

= cos SOui + sin 36'z^2 
h{K{e3,e3),e3) = (- sin^ 6' + 3 cos^ 6' sin 6')z/i + (- cos^ 6' + 3 cos 6* sin^ 6')z/2 

= sin30z/i — cos3^z^2- 

Therefore, taking into account the symmetries of K, in order to obtain the 
desired frame, it is sufficient to choose 9 in such a way that 

sin36'z^i — cos 36*1^2 = 0, 

and cos36'z^i + sin3^^z^2 > 0. As this is always possible, the proof is completed. 

□ 
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Remark. It actually follows from the proof of the previous lemma that the 
vector field ei is globally defined on M, and therefore the function fii, too. 
This in turn implies that the functions /i2 (as it can be expressed in terms of 
III and the Pick invariant J and J is either identically zero or nowhere zero), 
A and a (as it can be expressed in terms of the mean curvature and A) are 
globally defined functions on the affine hypersurface M. 

From now on we will always work with the local frame constructed in the 
previous lemma. We introduce the connection coefficients with respect to 
this frame by Ve,ej = J2k=i fij^k- As the connection V is metrical, we have 
the usual symmetries. 

2.3 Codazzi equations for K 

An evaluation of the Codazzi equations ((Tj) for K using the computer program 
mathematica (see also: www-sfb288.math.tu-berlin.de/~cs/symm2.nb resp. 
symmG.nb) results in the following equations: 





62(^1) = 2/iiV3n, 


(eq.l) 


(9) 






(eq.l) 


(10) 


ei(/ii) = 


|(a- A) - fi2^n -Afiiipl^, 


(eq.l) 


(11) 


ei(/ii) = 


|(a- A) +^2<^?i -4^i(^^i, 


(eg.2) 


(12) 




e^ifii) = 2/iiV9?i, 


(eg.2) 


(13) 




f^2vll = 4/il</^3i, 


(eg.2) 


(14) 


ei(/^2) 


+ e2(/Ui) = 3//iV9ii - ii2'^li, 


{eq.3) 


(15) 


= 




{eq.3) 


(16) 




e3(/ii) = -f^2{^li + V^si). 


(eqA) 


(17) 


e3(/^2) 


= 3fl2(pl2- f^li^ll-^^ll), 


(eqA) 


(18) 


e2(/i2) -- 


= -^l(V'21 - V^Sl) - 3/i2'/'32' 


(eqA) 


(19) 




ei(/i2) = -f^lVll - f^2^31^ 


{eq.5) 


(20) 


e3(/ii) 


= 3//i</?n + /i2(3(/?i2 + V53i)) 


{eq.5) 


(21) 




e2(/^i) = f^2{^li - V^si)' 


{eq.6) 


(22) 


e3(/U2) 


= 3^2^12 + ni{3^li- ^li), 


{eq.6) 


(23) 


e2(/Wi 


)-ei{fl2) = flliPu + fl2Vli, 


{eq.l) 


(24) 




4/Ui(^^i - vli) = 0, 


{eq.8) 


(25) 




) = ^iV5?i - /^2(3(/??2 + V^si)- 


{eq.9) 


(26) 



In the above expressions, the equation numbers refer to corresponding 
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equations in the mathematica program. In order to simplify the above equa- 
tions, we now distinct two cases. 

Lemma 3. An evaluatin of the Codazzi equations for K gives: 

^li = 0, <^?i = 0, (^^1 = 0, = 0, ifl^ = ifl^ =: r], 

ei(/Ui) = |(a - A) - 4^177, 62(^^1) = = e^^fii). 

If f^2 ^ 0, we get in addition that (p\2 = and 

61(^2) = -/i2?7, e2(Ai2) = -3//2¥'32) e3(/i2) = 3/i2V?22- (27) 

Proof. First, we assume that /i2 = (thus fii 7^ 0). In that case, it follows 
from (|Tn|l (resp. (jHj)) that = (resp. ipfi = 0), whereas (|TI?|l implies that 
¥^21 = 'fli- As it now follows from (fT7j) and that 62 (/ii) = 63(^^1) = 0, (0) 
and (fTSj) imply that ipf-^ = (fl^ = 0. Finally (fT^ now reduces to 

ei(An) = - A) - 4^i(/52i- 

Next, we want to deal with the case that /i2 7^ 0. First it follows from 
(jni), ^ and (UHl), taking also into account that 

e2(/ii) = 2/iiV9^^ = /i2(v'2i - V'si) = 4/^iV5n - f^2{^li - V^si)- 

Therefore we get by |TT|l and |T2|l that (/?2i = ¥^31 and thus e2(yUi) = = 
From (Hlj) and jlSl) it follows that 

esif^i) = -f^2{vli + fli) = 2/ii<^?i. 

From (I2SI), (fTn|) and the previous equation it follows that = tpl^ = tpl-i^ = 
and e3(/ii) = 0. From (fTT)|) it then follows that (^fg = 0- From (fTHjl . (fnijl and 
(jlSp we obtain the equations for ej(/i2), z = 1,2,3 and from it follows 
that 

ei(Aii) = - A) - 4^i(/7^p 

□ 

As a direct consequence we write down the Levi-Civita connection: 
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Lemma 4. 





= 0, 












= ^62, 




= -r]ei + v^^es 




= -¥'22^2, 




= '763, 


Ve3e2 


= ^12^3, 




= -r]ei - 1^1^62 



where in case that /i2 7^ 0, we have in addition that ^9^2 = 0- 

2.4 Gauss for V 

Taking into account the previous results, we then proceed with an evaluation 
of the Gauss equations © for V: 

VxVyZ - VyVxZ - V[x,Y]Z = h{Y, Z)SX - h{X, Z)SY, 

again using the computer program mathematica (see also: www-sfb288.math.tu- 
berlin.de/~cs/symm2.nb resp. symmG.nb). This results amongst others in 
the following equations (cp. equations 11, 13, 14 and 16 in the mathematica 
program) : 

ei(^) = -v'^ -Sfij- \{a + X), 
e2{v) = 0, 
63(77) = 0. 

2.5 Codazzi for S 

An evaluation of the Codazzi equations (jHI) for S: 

{VxS){Y) = (Vy5)(X) 
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by mathematica (see also: www-sfb288.math.tu-berlin.de/ cs/symm2.nb resp. 
symm6.nb, equations 20 - 22)) then yields: 

ei(a) = (/ii - r^)(a - A), 

62(0) = 0, 

63(0) = 0, 

e2(A) = 0, 

e3(A) = 0. 

2.6 Structure equations 

Summarized we have obtained the structure equations (cp. (H)), (j2)) and Q): 





= 2/iiei 




+ e, 


(28) 


De^e2 


= - /^ie2 




+¥^1263, 


(29) 




- V5?2e2 




-/^ie3, 


(30) 




iv- ^1) 


62, 




(31) 






{7] 


- /"i)e3, 


(32) 


^6262 


=-{r] + ^i)ei + /xses 




+ V?22e3 + 


(33) 


^6263 


= - V'22e2 




-^^263, 


(34) 


^£362 






- /W2)e3, 


(35) 


^6363 


=-(?] + //i)ei - (v9^2 - 


- /"2)e2 




(36) 




De^i =-Aei, 






(37) 




De,i = 


- ae2, 




(38) 






-aes, 




(39) 



Moreover, the functions a, A, /ii and r] are all constant in the 62 and 
ea-directions and the ei-derivatives are determined by (cp. Section 12.51 and 
12.41 and Lemma Ej): 

ei(a) = (^i-77)(a-A), (40) 
ei(^7) = -^'-3//?-i(a + A), (41) 
ei(/ii) = -4/ii?7- i(A-a). (42) 

3 Main results 

As the vector field ei is globally defined, we can define the distributions 
Hi = span{ei} and H2 = span{e2, 63}. In the next lemmas we will investigate 
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some properties of these distributions following from Lemma |3] For the 
terminology we refer to [7j. 

Lemma 5. The distribution Hi is autoparallel with respect to V. 

Proof. From VejCi = the claim follows immediately. □ 

Lemma 6. The distribution H2 is spherical with mean curvature normal 
H = —Tjei. 

Proof. For H = —rjei E Hi = H2 we have /i(Ve„e;,, ei) = h{ea, eb)h{H, ei) 
for all a,b E {2, 3}, and hCVeaH, ei) = h{—ea{rj)ei — r/Vg^ei, ei) = 0. □ 

Remark, rj (= yj^i = V^si) is independent of the choice of 62 and 63. It 
therefore is a globally defined function on M. 

We introduce a coordinate function t by ^ := Ci. Using the previous 
lemma, according to 0, we get: 

Lemma 7. {M, h) admits a warped product structure = R Xg/ A^^ with 
/ : R — s> R satisfying 

-g^ = V. (43) 
Remark, a, rj and /ii are functions of t, they satisfy by (jlOI), (PT|l and (|^ : 

^ = (^1 A), 



dr] 



--r7'-3/i2-i(a + A), 



= -477/xi + i(a- A), 
To compute the curvature of A^^ we use the gauss equation (jHJ and obtain: 

K{N') = e'^{a-f,l + 2fil + r^'), (44) 

which we verify by a straightforward computation is indeed independent of 
t. 

Our first goal is to find out how A^^ is immersed in R'^, i. e. to find an 
immersion independent of t. A look at the structure equations - (jH^ 
suggests to start with a linear combination of Ci and ^. 

We will solve the problem in two steps. First we define v := Aei + ^ for 
some function A on M^. Then -^v = av iS a = A and -^A = A^ — 2iiiA + A, 
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and A := —{r] + fii) solves the latter differential equation. Next we define a 
positive function /3 on M as solution of the differential equation: 

1/3 = /3iv + /ii) (45) 

with initial condition /3{to) > 0. Then §-^i/3v) = and by (jSH), §B, ^ 
and we get (since /3, rj and jJi only depend on t): 

^ei(/?(-(^ + /ii)ei+O) = 0, (46) 
De,{P{-iv + ^i)ei + 0) = -/5(a + rf- /i?)e2, (47) 
Dem-{r] + /ii)ei + 0) = -/9(a + - /"i)e3. (48) 

Lemma 8. Define v := a + rf — ^\ onM.. v is globally defined, -^{e^-fu) = 
and u vanishes identically or nowhere on M. 

Proof. Since = f^KiN^) = |(e2/(z/ + 2/^2)) (cp. (gTD and (gSD) and 
|(e2^2/z2) = 0, we get that Ke^^z^) = 0. Thus = ~2{§-J)u = -2r^v. □ 

Now we consider different cases depending on the behaviour of v. 
3.1 The first case: v ^ on 

We may, by translating /, i.e. by replacing A^^ with a homothetic copy of 
itself, assume that e^^u = e, where e = ±1. 

Lemma 9. (p := /9(— (?] + fJ'i)ei + ^) : A^^ defines a proper affine sphere 

in a 3- dimensional linear subspace ofW^. (j) is part of a quadric «if /i2 = 0. 

Proof. By construction we ensured that ^0 = (cp. (jlHI)), thus is defined 
on A^^. Furthermore it is an immersion, since 0*(ea) = —jSvCa for a = 2,3 
by (^Tj) and (PH|) . A further differentiation, using (/3 and z/ only depend 
on t), gives: 

= -P{a + rj^ - /ii)(-(?7 + ^il)el + /i2e2 + ¥^22^3 + 

= /i20*(e2) + V52204e3) - (a + 7/^ - /ii)0 

= /U20*(e2) + V5220*(e3) - ee"^-^0. 
Similarly, we obtain the other derivatives, using (j34|l - (j36|) . thus: 

^e20*(e2) = Ai20*(e2) + V5220*(e3) -e"^^e(/), 

De20*(e3) = -¥'220*(e2) - /i20*(e3), 

-De30*(e2) = ((/'L - /^2)0*(e3), 



.3 I „.^^ -^-2/ 



-De3(/)*(e3) =-((/732 + ^2)0*(e2) 

De„0 = -/3e~^^eea, a = 2, 3. 



e ec 
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We can read off the coefficients of the difference tensor K'^ of (cp. (QJ 
and ©): {K'^)l^ = fi,, {K^)l, = -/x^, = = (K''')!,, and see 

that trace (X'^)x vanishes. The affine metric introduced by this immersion 
corresponds with the metric on A^^. Thus —e(j) is the affine normal of (p and 
is a proper affine sphere. Finally the vanishing of the difference tensor 
characterizes quadrics. □ 

Our next goal is to find another linear combination of ei and ^, this time 
only depending on t. (Then we can express ei in terms of (I) and some function 
of t.) 

Lemma 10. Define 6 := aei + {f] — /ii)^. Then there exist a constant vector 
C eW^ and a function g{t) such that 

m = g{t)C. 

Proof. Using (jHH) and (jSHl) resp. ^ and ^ we obtain that D^^S = Q = 
Hence 5 depends only on the variable t. Moreover, we get by (jlOl), 
(El), (EH),® and dnZI) that 

d 

—6 = De.iaci + (?7-^i)0 

= (yUi -7]){a- A)ei + 2a/iiei + aS, - {r] - fii)Xei 

+ {-r{^ - 3;U^ - a + A^iT])^ 
= {Sjii - ri){aei + {r] - 
= (3/^1 - v)^- 

This implies that there exists a constant vector C in and a function g{t) 
such that S{t) = g{t)C. □ 

Combining and 5 we obtain for ci (cp. Lem. l^andlTUI) that 

ei(t, u, v) = -j^iPgC + (?7 - /ii)0(^i, v)). (49) 



In the following we will use for the partial derivatives the abbreviation 
£F, X = t,u,v. 

Lemma 11. 

u ot jJV 
Fv = - J-0i>- 
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Proof. As by and Lem. El = /^(^ ^ A^i)) "we obtain the equation for 
Ft = ci by (jini). The other equations follow from (P7|) and (PH|) . □ 

It follows by the uniqueness theorem of first order differential equations 
and applying a translation that we can write 

F{t,u,v) = g{t)C - ^{t)^{u,v) 

for a suitable function g depending only on the variable t. Since C is transver- 
sal to the image of (p (cp. Lem. 1^ and ITUI) . we obtain that after applying 
an equiaffine transformation we can write: F{t,u,v) = (7i(t), 72(t)0(M, w)). 
Thus we have proven the following: 

Theorem 1. Let be an affine hypersurface ofW^ which admits a pointwise 
S0{2)- or Ij-^- symmetry and with the globally defined function {a + rf — iif) 
not identically zero on . Then is affin equivalent to 

F:IxN^^R^:{t,u,v)^ (7i(t), 72(t)0(M, v)), 

where (p '■ N"^ is an elliptic or hyperbolic affine sphere and 7 : / ^ 

is an affine curve. 

Moreover, if admits a pointwise SO {2) -symmetry then N"^ is either an 
ellipsoid or a hyperboloid. 

In the next theorem we deal with the converse. 

Theorem 2. Let cf) : A^^ be an elliptic or hyperbolic affine sphere 

( scaled such that the absolute value of the mean curvature equals 1 ) and let 
7 : / ^ be an affine curve. Then if 

F{t,u,v) = (7i(t),72(t)0K^)), 

defines a nondegenerate positive definite affine hypersurface, it admits a 
pointwise Z3- or Si-symmetry. 
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Proof. We have 

i^* = (71,720), 

Fu = (O,720n), 

Fv = (0,7201,), 

Fu = ill l'l<t>) = ^^2li:J^(0, + 

P 72 p 

= 

= (O,7l0M«), 

= (O,7i0™), 
Fvv = (O,7i0i,„). 

This imphes that F defines a nondegenerate affine immersion provided that 
727i7i(72 7i ~ 7i72) 7^ 0- moreover see that this immersion is definite 
provided that the affine sphere is hyperbohc and 7i7i(72 7i — 7i72) > or 
when the proper affine sphere is elhptic and 7i7i(72 7i — 7i72) < 0- the 
proof in both cases is similar, we will only treat the first case here. An 
evaluation of the conditions for the affine normal ^ (^t, C,u , are tangential 
and det(F4, F^, F^,^) = \/ det K) leads to: 

e = a(t)(O,0(M,f)) + /?(t)Fi, 

where (7^'7; - 7172)7? = 7|(7l)^"^ and a' + ^(^271^-7^7^) ^ Taking d in 
the direction of Fj, we see that F„ and F^ are orthogonal to t\. It is also 
clear that S restricted to the space spanned by Fu and F^ is a multiple of 
the identity, and SiFt) = XFt, since S is symmetric. Moreover, we have that 

(V/i)(F„F„,F„) = - _2j)/i(F.,F„), 

{Vh){F„ F., F,) = - ^ - 2 F.), 



(V/i)(F„ F„ F,) = - ^ - 2 



'21 _ _ 22i~ 

^71 Q 72 ' 

(V/i)(F„, Ft, Ft)=0 = (V/i)(F„ F„ Fi), 

implying that Kp^ restricted to the space spanned by F„ and F^ is a multiple 
of the identity. Using the symmetries of K it now follows immediately that 
F admits an Zs-symmetry or an 5*0(2)- symmetry. □ 

3.2 The second case: u = and Hi ^ f] on 

Next, we consider the case that a = ii{ — rf and 77 7^ /ii on . Since by 
(jl^ and (PT|l 61(77 — /ii) = —rf — 3/ii — a + 4/ii77 = 4/ii(?7 ~ /^i) see that 
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r] ^ Hi everywhere on or nowhere. 

We aheady have seen that admits a warped product structure. The 
map (j) we have constructed in Lemma El will not define an immersion (cp. 
dHj) and (gHI)). Anyhow, for a fixed point to, we get from - P^ . ^ 
and pH|l . using the notation ^ = + /ii)ei + ^: 

De2e2 = (/J22e3 + ^262 + f , 

^62^3 = -V'22e2 - yU2e3, 
-^63 62 = ¥^33 63 - /i263, 
-^6363 = (/J3362 - /i262 + I, 

De,| = 0, a = 2, 3. 

Thus, if M and v are local coordinates which span the second distribu- 
tion, then we can interprete F{to,u,v) as an improper affine sphere in a 
3-dimensional linear subspace. 

Moreover, we see that this improper affine sphere is a paraboloid provided 
that /i2 at to vanishes identically (as a function of u and v). From the differ- 
ential equations (P7|l determining /Z2, we see that this is the case exactly when 
H2 vanishes identically, i.e. when M admits a pointwise S'0(2)-symmetry. 

After applying a translation and a change of coordinates, we may assume 
that 

F{to,u,v) = {u,vj{u,v),0), 

with affine normal ^{to,u,v) = (0,0,1,0). To obtain ei at to, we consider 
dsn and (1221) and get that 

De.(6i-(r/-/ii)F) = 0, a = 2, 3. 

Evaluating at t = to, this means that there exists a constant vector C such 
that ei{to,u,v) = ij] — /ii)(to)-F(to, w, f ) -|- C. Since f] ^ J everywhere, we 
can write: 

6i(to,u,'y) = ax{u,vj{u,v),a'2), (50) 

where ai 7^ and we applied an equiaffine transformation so that C = 
(0, 0, 0, aia2)- To obtain information about ^61 we have that De^^ei = 
2/iiei + ^ (cp. (j28|l ) and ^ = C + iv ~^ /Ji)6i by the definition of ^. Also 
we know that ^(to,M,v) = (0,0,1,0) and by (gHI) - jlHl) that De^Pi) = 0, 
i = 1,2,3. Taking suitable initial conditions for the function (3 (/5(to) = 1), 
we get that (3^ = (0, 0, 1, 0) and finally the following vector valued differential 
equation: 

|-6i = (7; + 3/ii)6i + /?'l(0,0,l,0). (51) 
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Solving this differential equation, taking into account the initial conditions 
at t = to; we get that there exist functions 6i and 62 depending only on 
t such that 

ei(t, u, v) = iSi{t)u, 6i{t)v, 6i{t){f{u, v) + 62(1)), a2'5i(t)), 

where 6i{to) = ai, 52(to) = 0, S[{t) = (r/ + 3/ii)(5i(t) and ^2(0 = (t) (t) . 
As ei{t,u,v) = ^{t,u,v) and F{to,u,v) = {u,v, f{u,v),0) it follows by 
integration that 

F{t,u,v) = {-fi{t)u,ji{t)vni{t)f{u,v) + -f2{t),a2hiit)~l)), 

where -f[{t) = 6i{t), 71(^0) = 1, 72(^0) = and 7^(t) = 6i{t)S2{t). After 
applying an affine transformation we have shown: 

Theorem 3. Let be an affine hypersurface o/R^ which admits a pointwise 
5*0(2)- or 'L'i- symmetry and with the globally defined functions satisfying 
a = —rf + /i^ but a ^ on M^. Then is affine equivalent with 

F:IxN^-^R'':{t,u,v)^ {-fi{t)u, j,{t)v, -fi{t)f{u, v) + 72(t), 7i(t)), 

where ip : A^^ — > : {u, v) 1— > (u, v, f{u, v)) is an improper affine sphere with 

affine normal (0, 0, 1) and 7 : / — * zs an affine curve. 

Moreover, if admits a pointwise SO {2) -symmetry then N"^ is an elliptic 

paraboloid. 

In the next theorem we again deal with the converse. 

Theorem 4. Let ip : A^ — : (m, v) («, v, f{u, v)) be an improper affine 
sphere with affine normal (0, 0, 1) and let 'j : I ^ M.'^ be an affine curve. Then 
^f 

Fit, u, v) = (7i(t)n, 71 (t)^;, 7i(t)/(^^, v) + 72(t), 7i W), 

defines a nondegenerate positive definite affine hypersurface, it admits a 
pointwise Z3- or Si-symmetry. 
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Proof. Wc have 

Ft = {7'iU,l'iV,j'J{u,v) + i2,ii), 

i^.= (0,7i,7i/.,0), 



Fu = {j'lu, 7^, I'Ifiu, v) + 7^', ii) = f + MlL_2M(0, 0, 1, 0), 

F ,^^F 

F , = lif 

Fuu = (0,0,/„„7i,0), 
Fuv = (0,0, /™7i,0), 
F.. = (0,0,/,,7i,0). 

This imphcs that F defines a nondegenerate affine immersion provided that 
7i7i(72 7i ~ 7i72) 7^ 0. We moreover see that this immersion is definite 
provided that the improper affine sphere is positive definite and 7i7i(72 7l — 
7i72) > or when the improper affine sphere is negative definite and 7i7i(72 7r 
7i72) < 0. As the proof in both cases is similar, we will only treat the first 
case here. It easily follows that we can write the affine normal ^ as: 

e = a(t)(0,0,l,0) + /3(t)Ft, 

where (7^'7; - = 'yfii.fa^ and a' + ^(^^ti^-t^^ ^ g. Taking d in 

the direction of Ft, we see that F„ and F^ are orthogonal to ei. It is also 
clear that 5" restricted to the space spanned by Fu and Fy is a multiple of 
the identity, and S{Ft) — XFt, since S is symmetric. Moreover, we have that 

(Vh){Ft, F„, F„) = (-^ - ^)h(Fu, F„), 

{Vhm,F,,,F,) = i^^^^ - ^)h{Fu,Fy), 

(V/i)(F„F„F„) = {-A-^)h{Fy,Fy), 

{Vh){Fu, Ft, Ft)^0= {Vh){F,, Ft, Ft), 

implying that Kp^ restricted to the space spanned by F„ and F^ is a multiple 
of the identity. Using the symmetries of K it now follows immediately that 
F admits an Za-symmetry or an SO{2)- symmetry. □ 

3.3 The third case: u = and /ii = 77 on 

The final case now is that a = — rf and rj — jii on the whole of M^. This 
is dealt with in the following theorem: 
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Theorem 5. Let be an ajfine hypersurface o/M^ which admits a pointwise 
S0{2)- or 'L'i- symmetry and with the globally defined functions satisfying 
a = —rf + /i^ and r] = fii on M^. Then is affine equivalent to 

F:IxN^^R^:{t,u,v)^ {u,vj{u,v) + -f2{t),^i{t)), 

where ip : A^^ — ^ M'^ : {u, v) i— > {u, v, f{u, v)) is an improper affine sphere with 

affine normal (0, 0, 1) and •y : I M.'^ is an affine curve. 

Moreover, if admits a pointwise SO {2) -symmetry then N"^ is an elliptic 

paraboloid. 

Proof. We proceed in the same way as in Theorem IHl We again use that 
admits a warped product structure and we fix a parameter t^. At the point 
to, we have for ^ = -{t] + ^i)ei + ^ = -2^iei + ^: 

De^ea = ¥52263 + ^262+1, 

^62^3 = -V'22e2 - /i2e3, 
^^63^2 = ¥53363 - /i2e3, 
De3e3 = ¥53362 - At2e2 + I, 
Dj = 0, a = 2,3. 

Thus, if u and v are local coordinates which span the second distribu- 
tion, then we can interprete F[to,u,v) as an improper affine sphere in a 
3-dimensional linear subspace. 

Moreover, we see that this improper affine sphere is a paraboloid provided 
that /i2 at to vanishes identically (as a function of u and v). From the differ- 
ential equations ^T7\\ determining /Z2, we see that this is the case exactly when 
fi2 vanishes identically, i.e. when M admits a pointwise S'0(2)-symmetry. 

After applying a translation and a change of coordinates, we may assume 
that 

F{to,u,v) = {u,vj{u,v),0), 

with affine normal ^{tQ,u,v) = (0,0,1,0). To obtain ci at tQ, we consider 
dSU and (inS) and get that 

Deaei = iv- l^i)ea = 0, a = 2,3. 

It follows that ei{tQ,u,v) is a constant vector field. As it is transversal, we 
may assume that there exists an a 7^ such that 

ei{to,u,v) = (0,0,0, a). 
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As ei is determined by the differential equation (cp. ((STJ): 

^ = 4/xiei + /5-i(0, 0,1,0), 

it follows that 

eiit,u,v) = (0,0,(52(t),(5i(t)), 

where ^2(^0) = 0, 62(1) = 4/ii(t)(52(t) + P~\t), 5i{to) = a and S[{t) = 
4/ii(t)5i(t). Integrating once more with respect to t we obtain that 

F{t,u,v) = {u,vj{u,v) + 72(t),7iW), 

for some functions 71 and 72 with 7- = 6i and 7i(to) = for z = 1, 2. □ 

In the next theorem we deal with the converse. 

Theorem 6. Let i/j : N'^ ^ : (m, v) I— > {u, V, f{u, v)) be an improper affine 
sphere with affine normal (0, 0, 1) and let : I ^ he an affine curve. Then 
if 

Fit, M, v) = (u, V, f{u, v) + 72(t), 7i W) 

defines a nondegenerate positive definite affine hypersurface, it admits a 
pointwise Z3- or Si-symmetry. 

Proof. We have 

Fi = (0,0,7^,70, 
F„ = (l,0,/„,0), 
= (0,l,/„0), 

Fu = (0, 0, 7^', I'D = f + (Jhiz^^o, 0, 1, 0), 

Fut = Fyt = 0, 

Fuu (0; 0) fuu^ 0)) 
Fuv (O5 0) fuvi 0)) 

Fvv (0) 0) fvv^ 0). 

This implies that F defines a nondegenerate affine immersion provided that 
7i(72 7i~7i72) 7^ 0- moreover see that this immersion is definite provided 
that the improper affine sphere is positive definite and (72 7i ~7i 72)71 > or 
when the improper affine sphere is negative definite and (7271 ~7i 72)71 < 0- 
As the proof in both cases is similar, we will only treat the first case here. It 
easily follows that we can write the affine normal ^ as: 

e = a(t)(0,0,l,0) + /5(t)Fi, 
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where (72 7i — 7i72) = (7i)^'^^ Q;' + ^^'^^^y = 0. Taking now ei in 
the direction of Ft, we see that and F^ are orthogonal to ei. It is also clear 
that SFu = SFy = 0, and S{Ft) = XFt, since S is symmetric. Moreover, we 
have that 

{Vh){Ft,Fu,Fu) = -^h{Fu,Fu) 
{Vh){Ft,F^,F,) = -^h{F^,F,) 
{Vh){Ft,F,,F,) = ~^h{F,,F,), 
(V/i)(F„,Fi,Fi) = = (V/i)(F,,Fi,Fi), 

implying that Kp^ restricted to the space spanned by F„ and F^ is a multiple 
of the identity. Using the symmetries of K it now follows immediately that 
F admits an Zs-symmetry or an S'0(2)-symmetry. □ 
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